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NUMERICAL COMPUTATION OF FLAPPING-WING
PROPULSION AND POWER EXTRACTION
K. D. Jones
y





Numerical procedures are presented for the sys-
tematic computation of unsteady ows over moving
airfoils or airfoil combinations, and these procedures
are applied to the investigation of apping-wing propul-
sion and power extraction. Flow solutions about single
foils are computed using an unsteady, two-dimensional
panel code coupled with a boundary layer algorithm
and driven using an interactive graphical user inter-
face. Flow solutions about airfoil combinations are
computed using a companion, multi-element version
of the panel code.
Results for pitching-only and plunging-only mo-
tions compare favorably with theory and reasonably
well with experimental results. Extensive computa-
tions are performed over the broad parameter space
for combined pitching and plunging motions using the
foil as both a propulsive device and as a wingmill or
power-extraction device. Results modeling ight in
ground eect are compared with other numerical and
experimental results.
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= thrust coecient per unit span, T=(q
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D = drag per unit span
f = frequency in Hertz
h = plunge amplitude in terms of c
k = reduced frequency, !c=V
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L = lift per unit span
M = moment per unit span
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= Strouhal number, !hc=V
1
t = time
T = thrust per unit span ( D)
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= pivot location from LE in terms of c
 = angle of attack
 = pitch amplitude in degrees
 = phase between pitch and plunge




 = wake wavelength in terms of c

1
= freestream kinematic viscosity




 = nondimensional time, tV
1
=c
(_) = rate of change w.r.t. 
Introduction
The rst explanations of thrust production from
apping wings were given in 1909 by Knoller
1
and in-
dependently a few years later by Betz.
2
The Knoller-
Betz eect was experimentally veried by Katzmayr
3
in 1922 for xed airfoils in an oscillatory oweld.
Birnbaum,
4;5
in 1924 and 1925, investigated the un-
steady motion of airfoils both aeroelastically, measur-
ing the conditions leading to utter, and as a propul-
sive device.
In 1935, Von Karman and Burgers
6
oered the
rst theoretical explanation of drag or thrust produc-
tion based on the resulting vortex street (i.e., the place-
ment and orientation of the wake vortex elements).
Vortex streets characteristic of drag production (e.g.
a Karman vortex street behind a cylinder) have a row
of vortices of clockwise rotation above the symmetry
plane, and a row of vortices of counter-clockwise ro-
tation below the symmetry plane, with the ow going
from left to right, as shown in Fig. 1 for an airfoil
plunging at a low Strouhal number (k = 3:6, h = 0:08,
S
t
= 0:29). The vortices induce a velocity or momen-
tum decit on the centerline indicative of drag, and the
wake wavelength, , dened here as the distance be-
tween vortex centers of same rotation, is shorter than
the wavelength predicted by linear theory,

l:t:
= 2=k, due to the production of drag.
U/U8
Fig. 1: Drag producing vortex street.
7
Oscillating the airfoil more energetically the vor-





Fig. 2: Thrust producing vortex street.
7
Here the upper row of vortices rotates counter-
clockwise, and the lower row rotates clockwise. Now
the vortices induce a velocity or momentum surplus on
the centerline, and the wake wavelength is longer than
that predicted by linear theory. (Note, the reduced
frequency in the rst case is higher than in the sec-
ond case; evidence that the Strouhal number, not the




extended the compact formula-
tions of Theodorsen
9
to compute the longitudinal force
for pitching and/or plunging airfoils. Garrick showed
that in inviscid, incompressible ow a positive thrust
is generated for all pure plunging motions with propul-
sive eciencies approaching unity as the frequency ap-
proaches zero and reducing asymptotically to 50 per-
cent at high frequencies. However, Garrick also found
that the thrust is roughly proportional to the square
of the frequency. Thus, at low frequencies, where high
propulsive eciencies are obtained, low thrust coe-
cients are produced. This implies that large apping
wings would be needed in order to achieve signicant
thrust at high eciency. Furthermore, as indicated in
Fig. 1, at low Strouhal numbers, drag, not thrust, is
produced due to ow viscosity, indicating that inviscid
thrust predictions in the low frequency range are likely
to be far too optimistic.
It was recognized that at reasonable frequencies
a large portion of the energy used to ap the airfoil
was lost in the form of vorticity shed in the wake.
Most researchers lost interest in apping wings as a
replacement for conventional propellers; however, in
1942 Schmidt
10
discovered a method for recovering
much of the vortical energy released from a apping
airfoil. He demonstrated that additional thrust could
be generated by placing a stationary airfoil in the os-
cillatory wake of a apping airfoil. Katzmayr
3
had
previously shown that a stationary airfoil in an oscil-
latory ow produced thrust, and Schmidt noted that
the stationary airfoil in the oscillatory wake required
no additional power input; thus, the propulsive e-
ciency of the system could be increased substantially
over a broad frequency range.
Obvious mechanical diculties arise from pure
plunging motions, and Schmidt addressed this di-
culty by developing his wave propeller, shown in Fig. 3,
where the lead airfoil is moved in a circular path with
a xed angle of attack creating an oscillating oweld
for the second airfoil.
Fig. 3: The Schmidt wave propeller.
Schmidt demonstrated his wave propeller on a
catamaran boat and claimed propulsive eciencies com-
parable to those obtained with conventional propellers.
In 1977, Bosch
11
developed a linear theory for
predicting propulsion from apping airfoils and airfoil
combinations, for the rst time including wake inter-
ference eects in propulsive eciency computations,
and in 1982 DeLaurier and Harris
12
obtained experi-
mental measurements of apping-wing propulsion.
Thrust production due to pitching motions was
experimentally demonstrated by Koochesfahani
13
in
1989. Unlike plunging foils, which produce thrust for
2
all frequencies, pitching foils produce drag for very low
frequencies, a feature that leads to pitch-instability or
utter. In the case of utter, energy is extracted from
the ow, creating a drag prole in the wake of the foil
and amplifying the motion of the foil.
Energy-extraction from an airfoil undergoing
pitching utter is rather benign, that is, the pitch-
amplitude growth rate is small, as shown in Jones and
Platzer.
14
This is not the case for airfoils undergoing
coupled pitching and plunging motions, where energy
extraction and/or aeroelastic-motion growth rates can
be very high. The use of a two-degree-of-freedom ut-
tering airfoil as a windmill was proposed by McKinney
and DeLaurier.
15
They built a model wingmill and in a
windtunnel showed that power generation eciencies
were competitive with other windmill designs.
More recently, the problemof apping foil propul-
sion has been considered by Liu
16;17
using vortex lat-
tice and panel methods, by Send
18;19
using linearized




In the present study comparisons are performed
with these past, single-mode studies (i.e., pitching or
plunging motions), and extensive investigations of the
dual-mode parameter space including both thrust pro-
duction and energy extraction are made. The eects of
the nonlinear, deforming wake model, airfoil geometry
and ow viscosity are also evaluated. These investiga-
tions are extended to a two airfoil system, modeling an
airfoil in ground eect, and simulations are made re-
garding the production of thrust near a ground plane.
Approach
The numerical methods utilized in this study are
briey described here, with details of the algorithms
given in the cited references.
Panel Code Flow solutions are computed using
an unsteady, potential-ow code originally developed
by Teng,
20
with a Graphical User Interface (GUI) de-




The basic, steady panel code follows the approach
of Hess and Smith,
22
where the airfoil is approximated
by a nite number of panels, each with a local, uni-
form, distributed source strength and all with a global,
uniform, distributed vorticity strength. For n pan-
els there are n unknown source strengths, q
j
, and an
unknown vorticity strength, . Boundary conditions
include ow tangency at the midpoint of the n pan-
els and the Kutta condition which postulates that the
pressure on the upper and lower surfaces of the airfoil
at the trailing edge must be equal.
The unsteady panel code adopts the procedure
of Basu and Hancock,
23
where a wake panel is at-
tached to the trailing edge through which vorticity is
shed into the ow. The Helmholtz theorem states that
the bound vorticity in a ow remains constant, thus a
change in circulation about the airfoil must result in
the release of vorticity into the wake equal in magni-












where  is the wake panel length, 
W
is the distributed
vorticity strength on the wake panel and   is the cir-
culation about the airfoil, and where the subscript k
indicates the current time step, and k 1 indicates the
previous time step.
The wake panel introduces two additional un-
knowns; the wake panel length and its orientation, 
k
.
Thus, two additional conditions must be specied for
closure;
1. The wake panel is oriented in the direction of the
local resultant velocity at the panel midpoint.
2. The length of the wake panel is proportional to
the magnitude of the local resultant velocity at
the panel midpoint and the time-step size.
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Fig. 4: Schematic of the panel code wake model.
At the end of each time step the vorticity con-
tained in the wake panel is concentrated into a point
vortex which is shed into the wake and convected down-
stream with the ow, inuencing and being inuenced
by the other shed vortices and the airfoil. Note, imple-
mentation of this approach requires an iterative scheme,
since the velocity direction and magnitude used to de-
ne the wake panel are not initially known. Note also
that this wake model is nonlinear. The unsteady panel
code has been extensively documented in Refs. 7, 14,
21 and 24-28.
Boundary Layer Code Flow properties in the
boundary layer are computed using the Keller-Cebeci
box method.
29
The code was generated and combined




algorithmand several modications used in the current
implementation are discussed below.
The boundary layer code treats the airfoil surface
as a at plate with a variable pressure gradient, and
steady conditions are assumed within the boundary
layer. Laminar, transitional and turbulent regions are
considered, and the turbulent region is computed us-
ing the Cebeci-Smith (CS) eddy-viscosity model. Like
all eddy-viscosity methods, the CS model leaves the
basic boundary layer equations unchanged but modi-





. The CS model divides the viscous region
into an inner and an outer layer with the eddy viscos-
ity in each region empirically formulated. The inner


































































and where ,  and f are the Falkner-Skan variables.
The term 
tr
models the length of the transition or
intermittency region, and its formulation is discussed
below.
For the steady implementation of the code devel-
oped by Nowak the transition point is specied as in-
put, presumably determined from experimental data.
This is of little use in the present unsteady approach,
as transition points would need to be specied for an
innite variety of conditions. Thus, Michel's criterion
is used to predict transition onset, where transition







, and the Reynolds
number based on x, Re
x

















The Chen-Thyson intermittency model is used to






































In the original Chen-Thyson formulation G
tr
is set to
a constant value of 1200, but in the present imple-
mentation it is given by Cebeci
31












Note, while the boundary layer routine is steady,
it has been shown that, for low reduced frequencies,
changes in the boundary layer occur muchmore quickly
than changes in the external ow, thus a steady bound-
ary layer analysis is sucient.
The boundary layer code produces skin-friction
results up to the point of separation which may be
used to estimate viscous drag. However, merely sum-
ming the drag components due to the integrated sur-
face pressure from the panel code and the skin-friction
from the boundary layer code yields a rather poor pre-
diction of the complete prole drag, due to momentum
loss within the boundary layer, pressure errors in the
separated region and other eects. Thus, the Squire-
Young empirical relation is used to predict the airfoil

























which uses the momentum thickness, , and the shape
factor, H = 

=, along with the external velocity, U
e
,
at the trailing edge (TE) to predict the total (steady)
drag. In practice, the formula may not be applied at
the TE, since the panel code requires produces highly
adverse pressure gradient near the trailing edge forc-
ing the ow to separate. As suggested in Ref. 32, the
formula is applied slightly ahead of the predicted sep-
aration point. A drag polar predicted by the present
approach is compared to the experimental results of
Abbott and von Doenho
33
in Fig. 5 for a NACA 0012
with a chord-Reynolds number of 6 million.









Fig. 5: Drag polar comparison.
4
Two-foil Code The panel method described above
was extended to multiple airfoil systems by Pang.
34
The approach is similar to the single airfoil code, but
ow-tangency and Kutta-condition boundary condi-
tions must be solved simultaneously for the full sys-
tem. Details of the algorithm are given in Ref. 29.
The airfoils may be arbitrarily sized and placed in the
oweld, and the motions of each may be individu-
ally dened. The two-foil code is validated in Refs. 14,
24-26, 28 and 34.
Congurations Three general congurations are
used for the simulations performed here. The congu-
ration schematics and parameter denitions for them
are illustrated in Figs. 6a-c.
The single airfoil case is shown in Fig. 6a. The
airfoil shape is arbitrary and has a chord length of 1.
The pivot point (elastic axis) is located at x
p
, mea-








Fig. 6a: Single airfoil schematic.
The angle of attack (AOA) and plunge displacement
are time-dependent, and are given in the present study
by
( ) = 
0
+ cos(k ) ; (11)
and
y( ) = h
0
  h cos(k + ) ; (12)
respectively, where  is the phase angle between the
two modes. The ow direction is aligned with the pos-
itive x-axis and the plunge direction is aligned with
the y-axis. Note, throughout this paper single-mode
motions will be referred to as pitching or plunging,
whereas the term apping will imply a general com-
bination of pitching and plunging.
The two airfoil system is shown in Fig. 6b. Each
airfoil has the same degrees-of-freedom as the single-
foil case, but the second foil may have a dierent chord










A special case is shown in Fig. 6c, using the two-
foil system to simulate an airfoil in ground eect. Re-
call that in potential ow the eect of a ground plane
may be computed by placing mirror-image singulari-
ties within the ground-plane, as illustrated in the g-
ure. Here the motion of the image airfoil must be the
reciprocal of the motion of the real airfoil, and the
wake generated by the image airfoil should be a mir-
ror image of the wake generated by the real foil. The

























Fig. 6c: Airfoil in ground eect.
Results
In order to demonstrate the validity of the panel
code (UPOT), results are presented with comparisons
to theory and experimental studies. Unless otherwise
noted, presented results from the panel code do not
include viscous eects.
Many of the presented results include the propul-








where T is the thrust and
_
W is the rate-of-work (power)








as shown in the nomenclature. The ideal propulsive
eciency is 1, meaning that the energy extracted in
the form of thrust is equivalent to the energy needed
to ap the airfoil, i.e., there are no losses. Negative
values of  occur when drag is produced but work is
still required to move the airfoil.
In cases where work is extracted from the ow
(i.e., utter or the wingmill), it is common to invert
the denition of , such that the ideal power-extraction
eciency is again 1 with lower values indicating that
more energy is lost to drag than the energy extracted.
This denition is not used here, however, as the dual
denition of  might cause confusion. Thus, in cases
where power is extracted from the ow, values of  will
be greater than 1, with the ideal wingmill eciency
approaching  = 1 from above. Note, the denition of
 is singular at C
p
= 0, with one branch always less
than 1, and the other branch always greater than 1.
This is visible in several of the following gures.
Plunging The linear approach of Bosch
11
consid-
ers a at-plate airfoil plunging with innitesimal am-
plitude, at a specied frequency and with a nonde-
forming, planar wake. Numerical restrictions prevent
UPOT fromusing a at-plate airfoil, however, as shown
in Fig. 7, the airfoil thickness has very little eect on
the computed propulsive eciency. Additionally, in-
nitesimal plunge amplitudes are not possible with
UPOT, as the wake singularities may not be su-
ciently resolved by the computer accuracy; thus, a
value of h = 0:1 is used in Fig. 7.










linear theory (Bosch) 




Fig. 7: Eect of airfoil thickness on .
The agreement is good for small k but diminishes
as k is increased. As will be shown, this is primarily
due to the non-linear wake generated by UPOT. At
high k the wake-deformation (i.e., vortex roll-up) be-
comes quite severe, showing up as a loss in propulsive
eciency.
In Fig. 8 the plunge amplitude is varied for a
NACA 0012 airfoil, and it is clear that the plunge am-
plitude has a strong inuence on the propulsive ef-
ciency; eciency diminishing with increased plunge
amplitude. Again, the agreement with linear theory is
quite good at low frequencies but diminishes as the fre-
quency and plunge amplitude increase, reinforcing the
argument that wake roll-up leads to a loss in eciency.















Fig. 8: Eect of plunge amplitude on .
The linear approach of Garrick
4
allows for nite
plunge amplitudes, but still assumes a non-deforming,













where F and G are the real and imaginary parts of the
Theodorsen lift deciency function, respectively, given
in Table 1 as functions of k.










In Fig. 9 the thrust coecient predicted by Gar-
rick, is compared to the values computed with the
panel code for a NACA 0012 airfoil for various reduced
frequencies and plunge amplitudes. The agreement is
good at lower values of h and k, or more appropriately,
at lower values of the plunge velocity, V
p
= hk, as in-




has the form of
6
the Strouhal number with the plunge amplitude used




.) The panel code
predicts a higher C
t
than linear theory at high val-
ues of V
p
. As will be shown, an increase in C
t
often
corresponds to a decrease in .












Fig. 9: Eect of plunge amplitude on C
t
.
Several modications were made to UPOT in or-
der to investigate the eect of wake non-linearity. The
rst modication shuts o the wake deformation such
that the individual wake elements convect downstream
undisturbed, resulting in a sinusoidal wake of xed
wavelength and amplitude. The second modication
restricts all the wake vorticity to the plane of the air-
foil as it is in linear theory. Sample results are shown
in Table 2 for a plunging NACA 0012 at k = 4, with
the subscripts d, n and p denoting the deforming, non-
deforming and planar wake models, respectively.
Table 2: C
t























linear theory 0.4 2.20 0.526
The remarkable agreement between linear theory and
UPOT with the planar wake model demonstrates that
the primary degradation of linear theory at higher
Strouhal numbers is due to the inability of linear the-
ory to consider out-of-plane vorticity. The use of a
thick airfoil and discrete panels makes little dierence
in comparison.
Referring back to Fig. 2 an interesting observa-
tion may be made. As pointed out by Von Karman
and Burgers
6
, the separated rows of vortices induce
a velocity surplus along the centerline indicative of
thrust production. However, these same vortices in-
duce a streamwise force on the airfoil itself, and it can
easily be seen in Fig. 2 that this will be a drag compo-
nent. These induced forces are inversely proportional
to the distance between the airfoil and the vortex ele-
ment. In the deforming wake model the discrete wake
elements roll up into large eddies, and these eddies con-
vect downstream faster than the non-deforming wake.
Thus, the induced drag eect of these eddies dimin-
ishes more quickly than the non-deforming wake model
resulting in the higher C
t
prediction shown in Tab.
2. However, the shed vorticity also provides a cross-
stream force, that through most of the cycle reduces
the power needed to plunge the foil. Thus, the air-
foil with the deforming wake requires a greater power
input and, hence, operates at a lower propulsive e-
ciency.
Unfortunately, this argument does not hold for
the planar wake model. If the wake vorticity is con-
ned to a plane coincident with the airfoil, then the
discrete vortices can induce no streamwise inuence on
the airfoil. Additionally, the time-averaged velocity or
momentumproles downstream of the airfoil will show
no decit or surplus.
The Strouhal number is generally considered to
be the dening parameter in wake dominated ows.
For example, in Ref. 7 the wake structures behind a
plunging foil were photographed, measured and classi-
ed for a wide range of reduced frequencies and plunge
amplitudes. It was found that there are four basic
types of vortical arrangements behind plunging air-
foils. The rst type is the drag producing case shown
in Fig. 1, the third is the thrust producing case shown
in Fig. 2, the second is actually the ne line between
those two, where all the vortices lie on the center-
line, and neither drag nor thrust is produced, and the
fourth is a highly non-linear case where a deected
wake is formed. The fourth case occurs at relatively
high Strouhal numbers (St > 1), and the resulting
wake produces both an average thrust and lift.
In Fig. 10 the photographed wakes of Ref. 7 are
classied according to the observed vortex positions.
Lines of constant St are included demonstrating the
approximate dependence of the experimental data on
the Strouhal number. In contrast, Triantafyllou et
al
35
classify the experimental results of Ohashi and
Ishikawa
36
and Kadlec and Davis
37
which seem to
show a slightly skewed dependence on h and k. The
two thick, solid lines in Fig. 10 are taken from Ref.
35 and are curve-t boundaries between the type 1,2
and 3 wake topologies based on the experimental data
7
of Refs. 36 and 37. The type 4, deected wake topol-
ogy was apparently not observed in any of the cited
references other than Ref. 7 where they were dupli-
cated experimentally and numerically and were found
to be highly reproducible. It's important to note that
these classications are based purely on visual observa-
tions of the unsteady vortex structures. More quanti-
tative experimental measurements as well as the panel
/ boundary-layer code suggest that these classica-
tions are fairly conservative, with thrust generation
occurring at Strouhal numbers as low as 0.1.














Fig. 10: Experimental wake structure classication.
The panel code cannot generate type 1 or 2 wakes,
as they are a direct result of uid viscosity. While the
boundary between type 3 and 4 wakes cannot be deter-
mined with any great precision, it appears to be essen-
tially a function of the Strouhal number. However, the
computed thrust coecient and propulsive eciency
do not demonstrate such a dependence on St. This
is investigated by comparing results for cases with the
same Strouhal number but dierent reduced frequen-
cies and plunge amplitudes (i.e., hk =constant= 0:1).
The wakes generated for a NACA 0012 airfoil
plunging with k = 10 and h = 0:01 in the upper plot,
k = 1 and h = 0:10 in the middle plot and k = 0:1
and h = 1:0 in the lower plot are shown in Fig. 11a.
The scale of the plots is adjusted to match the theo-
retical wake wavelengths,  = 2=k (indicated by the
vertical lines in the plots). The three plots have the
same V
p
and, hence, the same maximum induced 
(
i
= 5:7 degrees), but the wake non-linearity or in-
stability (vortex roll-up) is much more pronounced at
higher k. Intuition might suggest that the greater in-
stability would indicate a greater thrust; however, this
is not the case. As shown in Fig. 11b, for increasing
plunge amplitude and decreasing reduced frequency
with the Strouhal number xed, both the production
of thrust and the propulsive eciency increase. This
provides further evidence that the wake vorticity acts
to diminish the propulsive eciency. As the plunge
amplitude is increased and the reduced frequency is
decreased the wake vorticity is situated further from
the airfoil and, hence, the negative eect is reduced.
k = 10:0, h = 0:01
k = 1:0, h = 0:1
k = 0:1, h = 1:0
Fig. 11a: Dependence of wake instability on k.
In the extreme, if the airfoil is plunged at a con-
stant velocity (V
p
= 0:1), the propulsive eciency goes




are equal with C
t
at a maxi-
mum value of 0.068. Of course, plunging with a con-
stant velocity releases no vorticity into the wake, as



















Fig. 11b: Thrust performance for constant St = 0:1.
This seems to be in agreement with observations
of nature. High endurance sea birds generally have
large spans, ap at low reduced frequencies and rela-
tively large amplitudes (in terms of chordlengths).
In Fig. 11c the computed velocity proles in the
wake of the cases shown in Fig. 11a are plotted. The
proles are measured one wake-wavelength downstream
of the trailing edge and are time-averaged values.
8











Fig. 11c: Velocity prole dependence on k.
Not surprisingly, the cases yielding a greater per-
formance have a lower peak velocity and a more dis-
tributed prole. It has been suggested that optimal
propulsive eciency will occur when the velocity dis-
tribution in the wake most closely resembles the square
velocity distribution behind an actuator disc. The re-
sults shown in Fig. 11c seem to be in partial agreement
with this. However, the prole for k = 1 appears to
be roughly square, but that case is not nearly as e-
cient as the case at k = 0:1 and, as discussed above,
the extreme case of plunging with a constant velocity




timal performance arises from the proper location of
wake vortices and an ecient jet prole in the wake,
but according to Schmidt,
10
and from the evidence
provided here, it seems that optimal performance oc-
curs when the wake vorticity is minimized and/or lo-
cated far from the airfoil, resulting in very weak or dis-
tributed jet proles in the wake. Triantafyllou et al
35
claim that at Strouhal numbers greater than about 1
(based on the present denition of St) there is a decline
in both the vortical convection speed and C
t
. While it
is possible that such a decline in thrust production may
result from massive ow separation, a feature prohib-
ited in the panel code, the panel code clearly demon-
strates a lack of dependence of C
t
,  and the vortical
convection speed on St.
One further consideration that cannot easily be
investigated by the present approach is dynamic stall.
An airfoil plunging sinusoidally will have an induced
angle of attack that may greatly exceed the static stall
angle. At higher reduced frequencies stall may be de-
layed or prevented due to the dynamic pressure lag,
but at the lower frequencies the airfoil may stall result-
ing in separated ow and a loss in performance over
part of the oscillation cycle. The maximum induced
angle of attack in the cases included in Figs. 11a-c,
however, is just 5.7 degrees, well below the static stall
angle of a NACA 0012.
Pitching Experimental thrust measurements for
an airfoil pitching about the quarter chord were made
by Koochesfahani
13
and are compared with Garrick's
linear theory and the panel code for a NACA 0012
airfoil pitching in with  = 2 degrees in Fig. 12.








exp, Koochesfahani  
linear theory, Garrick 
Fig. 12: Thrust production for pitching airfoils.
Note, the thrust formulation given by Garrick in
Ref. 8 for pitching airfoils is incorrect. The correct

















































with no reference made to the previous, incorrect for-
mula. Here a denotes the position of the pivot point
measured from the mid-chord positive forward in terms
of half-chords. The agreement with linear theory is
quite good at lower frequencies but diminishes at higher
frequencies. This is expected due to the deforming
wake used in the panel code, however, note that UPOT
predicts a lower C
t
than linear theory here, in con-
trast with the plunging case. Comparison with the ex-
perimental results show similar trends, but viscous ef-
fects dominate at low frequencies, explaining the much
larger drag producing region in the experimental re-
sults. The poor comparison at higher frequencies brings
into question the thrust measurement technique used
in the experimental study.
In many experimental investigations, including
Koochesfahani's, the drag or thrust generated by a
body is predicted by measuring the momentum decit
9
or surplus downstream of the body. Usually the as-
sumptions are made that at the cross-section where
velocities are measured the ow is parallel, the pres-
sure is freestream, and the time-uctuating quantities






V (y)(V (y)   V
1
)dy : (17)
If the velocity measurements are made suciently far
downstream of the airfoil, such that the wake eddies
are essentially diused, then Eq. (17) yields reasonable
results, but if the measurements are made in a region
where the eddies are still coherent, then the assump-
tions will not hold. It is not clear from Koochesfa-
hani's paper how far downstream the measurements
were made for the thrust calculations included here
in Fig. 12, but velocity proles presented in his pa-
per were made at one chordlength downstream of the
trailing edge, and at that distance the eddies are still
very much intact.
There is no diusion in the panel code, so the
vortex elements contain the same ideal vorticity for all
time; therefore, the use of Eq. (17) in the panel code is
of little scientic use. However, for academic purposes
it is interesting to compare the predictions of the panel
code using Eq. (17) with Koochesfahani's results. For
a NACA 0012 pivoting about the quarter chord with
 = 2 degrees and k = 20, UPOT predicts a thrust
coecient of 0.13 (more than twice the value predicted
by UPOT from surface pressure integration) compared
to an interpolated value of 0.10 from Koochesfahani.
The dierence in these predictions is consistent with
the viscous drag apparent in Koochesfahani's results
at low reduced frequencies.
Comparable viscous calculations with the panel
code are not possible in this case, as the chord Reynolds
number (12,000) in Koochesfahani's experiments is far
too low for the boundary layer method of UPOT.
The thrust coecient is plotted as a function of k
for several airfoils of varying thickness pitching about
the leading edge with  = 2 degrees in Fig. 13. Un-
like the plunging case, airfoil thickness does inuence
thrust production for pitching airfoils, with the results
approaching linear theory for thinner airfoils. This is
consistent with utter analysis presented in Ref. 14,
where it was found that the utter frequency increased
for thicker airfoils. In Fig. 14 the thrust coecient,
power coecient and propulsive eciency are plotted
for the pitching airfoil of Fig. 12. Note here that the
maximum eciency is only about 30 percent, and this
occurs at a very low thrust coecient, thus when vis-
cous eects are considered, the eciency will drop con-
siderably.












Fig. 13: Eect of airfoil thickness on C
t
.
The negative eciency values at low k are due
to drag production for k less than about 2. Pivoting
about the quarter chord, the power coecient is always
positive. This is in agreement with aeroelastic analysis
which predicts that utter will not occur with the pivot
(or elastic axis) located at c=4.
















Fig. 14: Thrust, power and eciency predictions.
Dual Mode With combined pitching and plung-
ing motions the parameter space becomes quite large.
In addition to variations of h,  and k, the phase,
, between pitching and plunging is introduced, and
there are additional interactions between the param-
eters. For example, by varying the ratio of hk and
 the eective angle of attack, 
e
, may change sign,
where 
g
is the geometric angle of attack and 
e
is the
angle of attack actually seen by the airfoil, as shown
in Fig. 15.
In Fig. 16 the eect of these terms is perhaps
more easily understood. In Fig. 16a the airfoil is only
plunging (with the curved line representing the path
10
of the airfoil through the uid), and while the airfoil
always has a zero geometric angle of attack, it clearly




Fig. 15: Eective versus geometric angle of attack.
In Fig. 16b the airfoil is only pitching, and the
eective and geometric angles of attack are equal. In
Fig. 16c the foil is both pitching and plunging with
 = 90, and while the geometric angle of attack is
varying, the eective angle of attack is zero. In this
case the inuence of the airfoil on the uid is quite
small (but not zero, as the pitch rate and accelera-
tion of the foil still create disturbances). In Figs. 16d
and 16e the motion of Fig. 16c is duplicated but with
smaller and larger pitch amplitudes, respectively, re-
sulting in a sign change of the eective angle of attack.







Fig. 16: Eective versus geometric angle of attack.
In Fig. 17 the propulsive eciency is plotted as
a function of the pitch amplitude for a NACA 0012
airfoil pitching about its quarter chord with a plunge
amplitude of 0.2 and  = 90 degrees for several fre-
quencies. It can be seen that for small pitch ampli-
tudes (corresponding to Fig. 16d) thrust is produced,
but at some pitch amplitude  is discontinuous, and
at higher pitch amplitudes (corresponding to Fig. 16e)
drag is produced and power is extracted from the ow.
This is apparent for all k, but as k is increased the 
where the discontinuity occurs increases.
The discontinuities correspond well with Fig. 16c,
that is, the induced angle of attack due to the plung-
ing motion is roughly equal to the geometric angle of
attack at the discontinuity. For example, at k = 1,
the induced angle of attack is 
i
= arctan(hk) = 11:3
degrees, and the geometric angle of attack at the dis-
continuity is  11:5 degrees. Note that the peak e-
ciency for thrust production decreases with increas-
ing frequency, and similarly the peak eciency for
power extraction increases (decreases in eectiveness
as a windmill) for increasing frequency.













Fig. 17: Propulsive eciency versus k and .
In Fig. 18 the frequency is xed at k = 0:5 (re-
sulting in St = 0:1) and the phase is varied, again with
 plotted as a function of the pitch amplitude.













Fig. 18: Propulsive eciency versus  and .
11
The curves are similar in nature to the curves in
Fig. 17, but it is apparent that optimal eciency for
both thrust production and power extraction at these
conditions is reached at a greater phase angle than 90
degrees; around 107 degrees. As the optimal phase
is approached the two branches of the plots, which
resemble the branches of hyperbolas, seem to asymp-
totically approach a limiting line with a singularity at
 = 1.
There is an important feature that does not show
up in Figs. 17 and 18, and that is the relationship
between C
t




and  are plotted
as functions of  for the NACA 0012, with k = 0:5,
h = 0:2 (resulting in St = 0:1) and  = 4 degrees.

























and  on .
It is clear from the plot that the phase for max-





. This is unfortunate, because
when the eects of viscosity are included, the values
of C
t
drop substantially, reducing  similarly. Also in-
cluded on the plot and labeled on the right boundary
of the plot are the C
t
and  values obtained for a pure
plunging motion with the same k and h. A greater
eciency is achieved for 70





is greatly reduced from the plunge-only case over this
entire range.
As shown previously in Fig. 11b, for an airfoil
plunging with a constant Strouhal number better per-
formance was obtained with lower k and higher h. In
Fig. 19b similar data is shown for an airfoil pitch-
ing and plunging with St = 0:1,  = 90 degrees and
 = 4 degrees. Here again the propulsive eciency
increases asymptotically to unity as k is reduced to
zero; however, now the thrust coecient reaches a
minimum value at a moderate frequency and then in-
creases at higher frequencies.
Similar results to Fig. 19a are shown in Fig. 20,















Fig. 19b: Thrust performance for constant St = 0:1.
With this larger pitch amplitude it is possible
to generate thrust for some phase angles and extract





curves have a greater magnitude than in Fig. 19,
such that they each have negative values over part of
the phase spectrum. The optimum phase angle for
these conditions is around 100 degrees, in approximate
agreement with the experimental ndings ofMcKinney
and DeLaurier.
15




















and  on .
As previously mentioned, in the case of apping-
wing propulsion the point of maximum propulsive ef-
ciency nearly coincides with the point of minimum
thrust production, an unfortunate coincidence when
the eects of viscosity are considered. However, for
the case of power extraction from the ow, the point of
optimum power-extraction eciency nearly coincides
with the point of maximum power extraction. This
makes the use of apping airfoils for power generation
12
appear very attractive; perhaps oering a more eco-
logically sound alternative to conventional hydroelec-
tric turbines, One can imagine situating large apping-
wing generators in rivers under existing bridges. The
apping-wing generators would not require a dam and
would consequently not restrict the passage of sh and
boats.
For perspective a few examples are included here.
For the optimal thrust conditions shown in Fig. 19a
(k = 0:5, h = 0:2, St = 0:1,  = 4 degrees,  = 107
degrees, C
t
= 0:0057 and C
p
= 0:0062), a generic
wing with a 1m chord and 10m span, traveling at a
freestream speed of 45m=s ( 100mph) in sea-level air
would result in a thrust force of about 71N ( 16lbs)
and would require about 3500W ( 4:7hp) to oper-
ate. The same wing in water traveling at a freestream
speed of 10m=s ( 20 knots) would produce about
2900N (640lbs) of thrust and require about 31; 000W
( 42hp) to operate.
For the optimal power extraction conditions used
in Fig. 20 (k = 0:5, h = 0:2, St = 0:1,  = 8 de-
grees,  = 100 degrees and C
p
=  :0096)and the same
generic wing used as a windmill, in sea-level air with a
wind speed of 10m=s ( 22mph) roughly 60W would
be extracted. In water with a stream speed of 4:5m=s
( 10mph) roughly 4400W would be extracted.








thus, for propulsion it is advantageous to minimize the
freestream speed, and for power extraction the oppo-
site is true. Also note that the mass/inertia of the
wing and all viscous and mechanical losses are ignored.
For apping-wing ight it may be possible to over-
come most of the inertial energy requirements needed
to accelerate the mass of the wing sinusoidally using a
spring. In fact, it is likely that ying insects employ
such a spring according to Alexander.
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As previously mentioned, it has been theorized
that maximum eciency will occur when the velocity
prole downstream of the apping foil most closely re-
sembles the rectangular velocity prole downstream of
an actuator disk. In Fig. 21 the velocity proles at sev-
eral stations in the wake of the NACA 0012 plunging
with k = 0:5, h = 0:2, St = 0:1 and zero angle of at-
tack are plotted (results for this case were previously
plotted in Figs. 9 and 19a). The x=c measurements
are the distance between the foil leading edge and the
measured velocity prole. The width of the jet-like
prole quickly expands downstream. At x=c = 15,
14 chordlengths downstream of the trailing edge (just
over one wake wavelength), the jet-prole is almost 5
times wider than at the trailing edge. The case shown















Fig. 21: Wake velocity proles for plunging-only.
In Fig. 22 similar data is shown, but for a pitch-
ing and plunging foil at near optimum conditions with
k = 0:5, h = 0:2, St = 0:1,  = 4 degrees, x
p
= 0:25
and  = 110 degrees (results for this case were pre-
viously plotted in Figs. 17-19). Here the eciency
is about 92 percent but the thrust coecient is just
0.0059. The jet-prole resembles the ideal actuator-















Fig. 22: Wake velocity proles for dual-mode motion.
It would be instructive to recompute all of the
presented data with the inclusion of prole drag. That
will have to be reserved for a future publication, but
a sample case is included here to demonstrate the ca-
pabilities of the hybrid code. In Fig. 23 a NACA 0012
is plunged with h = 0:1 at a chord-Reynolds number
of 10
6
, and the computed C
t
is plotted as a function
of k. For comparison, the inviscid curve and the the-
oretical curve predicted by Garrick are included. For
the conditions considered here, the inclusion of prole











lineory theory, Garrick 
UPOT - inviscid
UPOT - viscous 
Fig. 23: Thrust with prole drag.
The reduction in C
t
, and especially the change in
sign, alters the resultant propulsive eciency dramat-
ically, as shown in Fig. 24. For k less than about 0.8,
where C
t
is negative,  is also negative but approaches
the inviscid solution at higher frequencies.






linear theory, Bosch 
UPOT - inviscid
UPOT - viscous 
Fig. 24: Propulsive eciency with prole drag.
The present numerical approach does not allow
viscous solutions at high frequencies or large eective
angles of attack, but the roughly linear shift in the C
t
plot in Fig. 23 suggests that reasonable results may
be obtained by extrapolating the linear shift to higher
frequencies. Previous experimental results indicated
that ow separation may be signicant for St greater
than about 1,
7
so that should serve as an upper limit
for the extrapolation.
Flapping Wing in Ground Eect Observations
of birds ying low over water suggest that there may be
signicant performance advantages to apping-wing
ight near a ground plane, as there is with xed-wing
ight. Recall from potential-ow theory that a steady,
two-dimensional lifting airfoil in a uniform ow near a
ground plane encounters a thrust force due to the cir-
culation about the image airfoil. A similar thrust force
may result in the unsteady case due to the proximity
of the image wake.
Here the two-foil code is used to model ground-
eect ight as previously illustrated in Fig. 6c. In Fig.
25 the propulsive eciency is plotted as a function of
the distance from the ground-plane, h
g
, for a NACA
0012 at  = 0, plunging with h = 0:2 and with varying
reduced frequency.
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Fig. 25: Propulsive eciency near a ground plane.
It is clear that the propulsive eciency increases
dramatically as h
g
is reduced. As h
g
is increased, 
asymptotically approaches the single foil results previ-
ously shown in Fig. 8. At lower frequencies the ben-
ecial eects are felt for several chord lengths away
from the wall, but at larger frequencies the eect is
lost within a single chord length separation from the
ground-plane.
Conclusions
Numerical methods were described for the sys-
tematic computation of unsteady, inviscid, incompress-
ible, two-dimensional ows about moving airfoils or
airfoil combinations. Additionally a boundary layer
algorithm was described capable of predicting prole
drag on these unsteady airfoils. The single foil code,
accompanied by a GUI front-end, provided ow vi-
sualization and ow measurement techniques similar
to those available in experimental facilities. Both un-
steady codes were used to investigate apping-wing
propulsion and power-extraction.
Results for single mode (pitching or plunging)
motions agree well with linear theory for low frequen-
14
cies and amplitudes, as expected, but show additional
losses at conditions were non-linearities become signif-
icant. It was found that at Strouhal numbers greater
than roughly 1 the non-linear wake losses symmetry,
deecting away from the centerline, resulting in both
an average thrust and an average lift. Investigations
of the eect of wake non-linearity showed that com-
puted wake deformation was responsible for most of
the dierence between linear theory and the present
approach. It was shown that the propulsive eciency
of plunging airfoils could be greatly increased by de-
creasing the reduced frequency and increasing the am-
plitude while holding the Strouhal number constant.
Increases in propulsive eciency were demon-
strated with dual-mode motions (combined pitching
and plunging) with simultaneous decreases in the thrust
coecient. It was consistently found that the condi-
tions for maximum propulsive eciency nearly coin-
cided with the conditions for minimum thrust coe-
cient; an unfortunate condition when ow viscosity is
considered. While quasi-steady theory predicts opti-
mal thrust production with pitch and plunge motions
90 degrees out of phase, it was found that for higher
frequencies the optimal phase shift increases. Addi-
tionally, it was observed that the jet-prole generated
by the apping foil approaches the ideal, square prole
of an actuator disk at conditions yielding high propul-
sive eciencies, and the velocity prole remained fo-
cused far downstream. This observation may be of lit-
tle use, however, since the computed, inviscid thrust
in these conditions reduced to near zero.
If the pitch-amplitude of a dual-mode apping
wing is increased suciently it was found that drag
was produced and power was extracted from the air-
foil, a condition that would lead to utter of a free
airfoil. For this to occur the pitch amplitude must ex-
ceed the induced angle of attack due to the plunging
motion, and the phase between pitch and plunge is
restricted to a range near 90 degrees. It was shown
that the conditions leading to optimum power extrac-
tion nearly coincide with the conditions for maximum
power extraction, suggesting that apping wings may
be suitable for windmill or watermill power generation
applications.
The inclusion of prole drag results in a nearly
linear reduction in thrust in the frequency range ana-
lyzed. Consequently, very rapid results of reasonable
accuracy may be obtainable using simplemodeling and
extrapolation techniques.
The eect of apping-wing ight near a ground-
plane was investigated using the two-airfoil code and
potential-ow image theory. It was shown that propul-
sive eciencies increase dramatically near a ground-
plane, but that at higher frequencies the benecial ef-
fect diminishes rapidly as the foil is moved away from
the wall.
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